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Abstract A static, asymptotically flat, spherically symmetric solutions is investigated in
f (R) theories of gravity for a charged black hole. We have studied the weak field limit
of f (R) gravity for the some f (R) model such as f (R) = R + εh(R). In particular, we
consider the case limR→0 h(R)/h′(R) → 0 and find the space time metric for f (R) = R +
μ4

R
and f (R) = R1+ε theories of gravity far away a charged mass point.

Keywords f (R) gravity · Modified gravity · Spherical symmetry

1 Introductions

The acceleration expansion of the Universe is one of open problems in the cosmology [1, 2].
This phenomena is not explained by general relativity theory. Some of people think this ac-
celeration expansion my be due to some unknown energy-momentum component which
having the equation of state as p = ωρ. This opinions led to several theoretical models such
as quintessential scenarios [3] which generalize the cosmological constant approach [4],
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higher dimensional scenarios [5, 6] or the resort to cosmological fluids with exotic equa-
tion of state [7]. Combining all of the observations and above opinions, a cosmological
model has emerged, a universe dominated by cosmological constant-like dark energy and
cold dark matter. One obvious contender for the role of dark energy is Einstein’s cosmolog-
ical constant, but particle physics failed to predict the correct density. Whereas GR theory
con not explains the accelerate equation of universe, over the last decades, a wide number
of approaches have been developed to generalized it. The simplest way of generalizing GR
theory of gravities to consider a gravitational action described by a function of Ricci scalar
f (R) instead of the Einstein-Hilbert action. Generalized f (R) gravity may be considered
a reliable mechanism to explain the acceleration equation of universe [7–24]. One of the
initiative f (R) model supposed to explaining the positive acceleration of expanding uni-
verse has f (R) action as f (R) = R − μ4/R [25]. In this model, for large values of Ricci
scalar, R � μ2, f (R) function tends to f (R) = R, so we expect for these values of R the
modification become negligible but for small values of Ricci scalar, R � μ2, f (R) action is
not the linear one thus for this values of Ricci scalar gravity is modified. Because for large
values of R the modification is negligible, this model cannot explain the inflation but there
is several viable models unifying inflation and late time acceleration [26, 27].

After proposing the f (R) = R − μ4/R model it was appeared this model suffer several
problems. In the metric formalism, initially Dolgov and Kawasaki discovered the violent
instability in the matter sector [28]. The analysis of this instability generalized to arbitrary
f (R) models [29, 30] and it was shown an f (R) model is stable if d2f/dR2 > 0 and unsta-
ble if d2f/dR2 < 0. Thus we can deduce R − μ4/R suffer the Dolgov-Kawasaki instability
but this instability removes in the R +μ4/R model, where μ4 > 0. Furthermore one can see
in the R−μ4/R model the cosmology is inconsistent with observation when non-relativistic
matter is present. In fact there is no matter dominant era [31–33]. However the recent study
shows the standard epoch of matter domination can be obtained in the R+μ4/R model [34].

Spherically symmetric stars in the context of f (R) models of gravity have been studied
in [35–40]. In the Platini formalism the spherically symmetric solution is Schwarzschild-
de Sitter metric with effective cosmological constant and in the metric formalism the spher-
ically symmetric solution of f (R) theory of gravity suffers from a low—mass equivalent
scalar field, that is incomparable with solar system test of general relativity [41, 42].

The present paper analysis is based on the weak field limit of spherically symmetric
solution of f (R) gravity model at the metric approach. Up to now, the discussion on the
weak field limit of f (R) theory of gravity is done and there are few papers which claim-
ing different results [29, 35–37, 43–46]. In this work we obtain the generalized Reissner-
Nordestrom solution for a charged mass point state in a general f (R) gravity model. In-
deed the Reissner-Nordstrom solution for a charged mass point is in many ways similar to
that of the more complicated Kerr solution describing rotating black hole, as well as the
metric fluctuation to the charge black holes cause the Hawking effect, but the approach
that we have adapted is that look for a static asymptotically flat in the f (R) theory and
investigated if the f (R) theory solution end up to solution of the Einstein-Maxwell field
equation.

The scheme of the paper is the following. In Sect. 2 we review field equation of f (R)

gravity in the metric approach. We study the static, asymptotically flat, spherically sym-
metric solutions of f (R) gravity far away a charged black hole and obtain the gener-
alized Einstein-Maxwell equation. In Sect. 3 we discuss some viable f (R) models in
the present our work and we obtain the generalized solution far from of a charged mass
point.
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2 Theoretical Framework

In this section, we offer to investigate the Reissner-Nordestrom solution for a charged mass
point in the f (R) gravity model. We consider an action as

S =
∫ √−g

[
f (R)

2
+ k(Lm + Lrad)

]
d4x. (1)

Here R is a Ricci scalar, Lm is matter Lagrangian and Lrad is electromagnetic field (EM)
Lagrangian. We consider a class of modified gravity such as f (R) = R + εh(R), which is
obtain by adding a perturbative function εh(R), to the Einstein-Hilbert action, where ε is a
small parameter. In this case the field equation, using the metric approach, can be derived
from (1) as,

Gμν = −ε

[
Gμν + gμν� − ∇μ∇ν + gμν

2

(
R − h(R)

ϕ(R)

)]
ϕ(R) + kT̃μν, (2)

where Gμν and T̃μν = T m
μν + T em

μν are Einstein and stress-energy tensors respectively,
� ≡ ∇α∇α and ϕ(R) = dh(R)/dR. We look for a static, asymptotically flat, spherically
symmetric solution of the modified Einstein- Maxwell field equations (2). By contracting
field equation (2) we have

R = ε

[
R − 2h(R)

ϕ(R)
+ 3�

]
ϕ(R) − kT̃ , (3)

where T̃ is the trace of T̃μν . It is clearly seen that for ε → 0 (2) and (3) reduces to the
equivalent equation in Einstein general relativity theory. Furthermore it is seen that as ε → 0,
corresponding to the general relativity, Gμν and R tend to zero. Hence, we can neglected
εGμν and εR in (2) and (3). In addition, the Maxwell tensor Fμν , must satisfy Maxwell’s
equations in out of sphere, i.e.;

∇νF
μν = 0, (4)

∂[μFνγ ] = 0. (5)

The assumptions of static, asymptotically flat, spherically symmetric solution of the modi-
fied Einstein-Maxwell field equations, means that one can introduce the line element as

ds2 = −(1 + a(r))dt2 + 1

(1 + b(r))
dr2 + r2d
2. (6)

Hence, the components of Ricci tensor corresponding with the line element, can be written
in terms of a(r) and b(r), as

Rt
t = a′

r
+ a′′

2
, (7)

Rr
r = b′

r
+ a′′

2
, (8)

Rθ
θ = R

φ

φ = b

r2
+ a′

2r
+ b′

2r
, (9)
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and one can obtain the Ricci scalar as

R = a′′ + 2

(
a′

r
+ b′

r
+ b

r2

)
. (10)

The components of the Einstein tensor in terms of parameters of the metric, a(r) and b(r),
can be find as following

Gt
t = −b′

r
− b

r2
, (11)

Gr
r = −a′

r
− b

r2
, (12)

Gθ
θ = G

φ

φ = −a′′

2
− a′

2r
− b′

2r
. (13)

On the other hand, by using (2) and (6), we can obtain the components of Einstein tensor.
But in the first, we must obtain the tensor of energy momentum. In the out of matter we have
only the Maxwell’s tensor, which is as

T μ
ν = 1

4π

(
1

4
δμ
ν FcdF

cd − gcdFμ
c Fνd

)
. (14)

We assume that the charge distribution has spherical symmetry. This case is equivalent with
the state which we take a point charge particle to be situated at the origin of the coordinates.
Moreover, the charged particle will give rise to an electrostatic field which is purely radial.
This means that the Maxwell tensor must take on the form

Fμν = E(r)

⎛
⎜⎜⎝

0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠ . (15)

By using (6), (14) and (15) we find the components of energy momentum tensor as

kT t
t = G(1 + b − a)

q2

r4
, (16)

kT r
r = G(1 + b − a)

q2

r4
, (17)

kT θ
θ = kT

φ

φ = −G(1 + b − a)
q2

r4
, (18)

where we use E = q

r2 and set k = 8πG (G is the gravitational constant). Using (6), (16),
(17) and (18) we can obtain the Einstein tensor as

Gν
μ = −ε

(
δν
μ� − ∇ν∇μ

)
ϕ(R) + kT ν

μ , (19)

Gt
t = G(1 − a + b)

q2

r4
− ε

(
ϕ′′ + 2

ϕ′

r

)
, (20)

Gr
r = G(1 − a + b)

q2

r4
− 2ε

ϕ′

r
, (21)
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Gθ
θ = G

φ

φ = −G(1 + b − a)
q2

r4
− ε

(
ϕ′′ + ϕ′

r

)
, (22)

where ϕ = dh
dR

and (′) denotes the differentiation with respect to r . Therefore, using the two
set of equations (11), (12), (13) and (20), (21), (22), we can arrive at

−b′

r
− b

r2
= G

q2

r4
− ε

(
ϕ′′ + 2

ϕ′

r

)
, (23)

−a′

r
− b

r2
= G

q2

2r4
− 2ε

ϕ′

r
, (24)

−a′′

2
− a′

2r
− b′

2r
= −G

q2

r4
− ε

(
ϕ′′ + ϕ′

r

)
. (25)

For obtaining (23), (24), (25), we neglect terms aq2, bq2, a2, b2.

3 f (R) Models

In this section we shall completed the our analyzes for some models of f (R) theory in
the outside a charged star. It is well known that the energy momentum tensor in outside a
charged star is as (14). It is clearly seen that its trace is zero. From (2) and (3) it is clear that
as ε → 0, corresponding to the general relativity, Gμν and R tend to zero. Hence, in r.h.s of
(2) and (3) we may neglect εGμν and εR. Furthermore if h(R)/ϕ(R) vanishes as R → 0,
i.e.;

lim
R→0

h(R)

ϕ(R)
→ 0, (26)

then in (2) and (3) we may neglect the h(R)/ϕ(R) term. For many f (R) models, for example
h(R) = 1/R, R lnR, lnR, this condition is satisfied. So, assuming the condition (6), we may
rewrite trace equation (3) as

R = 3ε∇2ϕ(R). (27)

3.1 f (R) = R + μ4/R Model

For this model we may write

εh(R) = μ4

R
, (28)

εϕ(R) = −μ4

R2
, (29)

which h(R) satisfy the condition (26). Inserting ϕ(R) from the above equation in to the trace
equation (27) we obtain

R = 7αμ
4
3 r− 2

3 , (30)

εϕ = − 1

49α2
μ

4
3 r

4
3 , (31)
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where α3 = 4/147. Inserting εϕ from the above equation in to (23), (24) and (25) and intro-
ducing a and b as

a =
∑

n

Anr
n +

∑
m

Bm

rm
, (32)

b =
∑

l

Clr
l +

∑
s

Ds

rs
(33)

we can obtain

a = −2M

r
+ Gq2

r2
− 3

4
αμ

4
3 r

4
3 , (34)

b = −2M

r
+ Gq2

r2
− αμ

4
3 r

4
3 , (35)

where M is a constant which is obtained from matching the interior and exterior solutions
of field equations. Therefore the space time metric for outside of a charged mass point in
this model is

ds2 = −
(

1 − 2M

r
+ Gq2

r2
− 3

4
αμ

4
3 r

4
3

)
dt2

+
(

1 − 2M

r
+ Gq2

r2
− αμ

4
3 r

4
3

)−1

dr2 + r2d
2. (36)

3.2 f (R) = R1+ε Model

Since we are interested in the limit ε → 0 we can expand f (R) = R1+ε around ε = 0. Hence
f (R) = R + εR lnR, and definitions lead to

h(R) = R lnR, (37)

ϕ(R) = 1 + lnR. (38)

It is clear that h(R) satisfy the condition (26). Inserting ϕ(R) from (38) in the trace equation
(3), we obtain an equation for Ricci scalar. Solving the obtained equation leads to

R = 6ε

r2
. (39)

Inserting R from the above equation in (38) and then in the r.h.s. of (23), (24), (25) and use
the expressions (32), (33) gives a, b as

a = −2M

r
+ Gq2

r2
+ 2ε ln r, b = −2M

r
+ Gq2

r2
+ 2ε, (40)

where M is a constant which is obtained from matching the external and internal solution of
field equation. Therefore the space time metric for outside of the charged mass point space
in this model is
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ds2 = −
(

1 − 2M

r
+ Gq2

r2
+ 2ε ln r

)
dt2

+
(

1 − 2M

r
+ Gq2

r2
+ 2ε

)−1

dr2 + r2d
2. (41)

It is obviously seen that when μ or ε tends to zero equations (36) and (41) reduces to
ordinary Reissner-Nordestrom metric

ds2 = −
(

1 − 2M

r
+ Gq2

r2

)
dt2

+
(

1 − 2M

r
+ Gq2

r2

)−1

dr2 + r2d
2. (42)

This metric has two possible horizon which can be found as follows,

r = M ±
√

M2 − G2q2 (M2 ≥ G2q2). (43)

These two values are due to charge q . In fact, when a black hole becomes charged, the event
horizon shrinks, and another one appears, near the singularity [47].

4 Discussion and Summary

In this paper, we have studied the spherically symmetric solution of some viable f (R) mod-
els of gravity in the weak field limit at far away charged black hole and have derived that
f (R) gravity easily gives rise to the line element solution of Reissner-Nordestrom met-
ric. In the metric formalism, we studied, some f (R) models such as f (R) = R + εh(R).
We have been obtained the generalized metric for some models which have satisfied the
condition limR→0

h(R)

h′(R)
→ 0. In particular, we have been obtained the generalized Reissner-

Nordestrom metric for f (R) = R + μ4

R
and f (R) = R1−ε theories of gravity in far away of

a charged mass.
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